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Abstract. The derivation dT on the exterior algebra of forms on a manifold M with values
in the exterior algebra of forms on the tangent bundle TM is extended to multivector fields.
These tangent lifts are studied with applications to the theory of Poisson structures, their
symplectic foliations, canonical vector fields and Poisson-Lie groups.
0. Introduction. A derivation dT on the exterior algebra of forms on a manifold M with
values in the exterior algebra of forms of the tangent bundle TM plays essential roˆle in the
calculus of variations ([Tu]) and, in particular, in analytical mechanics. The derivation dTω
of the symplectic 2-form of a symplectic manifold (M,ω) provides the tangent bundle TM
with a symplectic structure. A vector field X :M → TM is locally Hamiltonian if its image
X(M) is a Lagrangian submanifold of (TM, dTω). The concept of a generalized hamiltonian
system can be introduced as a Lagrangian submanifold of (TM, dTω). The infinitesimal
dynamics of a relativistic particle is an example of such a system. The derivation dT has
also an aspect of the total Lie derivative in the exterior algebra of forms: £Xµ = X
∗dTµ
(Theorem 3.2).
In analytical mechanics Poisson structures play the role as important as symplectic struc-
tures. The phase space is considered as a manifold equipped with a Poisson structure rather
than symplectic one. On the other hand, in the theory of systems with symmetries, much
attention is paid to the case of Poisson symmetries, i. e., the symmetry group is a Poisson-
Lie group. Poisson-Lie groups are of interest also because of their relation to quantum
groups.
A Poisson structure is usually given by a bivector field Λ and, in general, not by a
two-form and vanishing of the Schouten bracket corresponds to vanishing of the exterior
derivative. This shows that, in order to generalize the mentioned ideas and results from
the symplectic to the Poisson case, we need to carry over the discussion from forms to
multivector fields. The aim of this paper is to extend dT to the exterior algebra of multi-
vector fields and to establish relations concerning Poisson structures which correspond to
the mentioned above relations in symplectic geometry. We would like to emphasize that
our goal is not to extend the general theory of derivations of forms or vector-valued forms
(like in [MCS1-3,By]) to the case of multivector fields, but to get an analogue of dT only.
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In the first two sections we concentrate on the definition of dT on the exterior algebra
of forms. The usual definition of dT as a commutator [iT, d] does not emphasize the roˆle of
the tangent functor and, since it uses the exterior derivative d, cannot be generalized to the
case of multivector fields. An r-form µ on M defines a number of vector bundle morphisms
µ˜i:
∧i
TM →
∧r−i
T
∗M.
We show that d˜Tµ
i
can be obtained from the tangent morphism Tµ˜i by natural trans-
formation ([KMS]) of functors, which generalize the well-known natural transformations
αM :TT
∗M → T∗TM and κM :TTM → TTM . With this fact, the generalization of dT to
the case of multivector fields becomes obvious and it is given in Section 2 (Theorem 2.2).
It appears that dT is a vT-derivation of the exterior algebra of multivector fields onM with
values in the exterior algebra of multivector fields on TM , where vT is the vertical lift. In
the case of a vector field X on M the resulting field dTX is the well-known complete lift
(see e. g. [MFL]).
The basic property of dT is that it commutes with the Schouten bracket (Theorem 2.5),
what corresponds to the fact that dT commutes with d on forms. Thus, if Λ is a bivector field
representing a Poisson structure on M , then dTΛ defines a Poisson structure on TM . We
observe that dTΛ is the tangent Poisson structure discussed in [SdA,Co1]. In the presented
approach certain functorial properties of dT become quite obvious.
In Section 3 we show that, as in the case of forms, dT plays the roˆle of the total Lie
derivative. As a consequence, we can describe in Section 6 a canonical vector field on a
Poisson manifold as a Lagrangian submanifold with respect to the tangent Poisson structure
introduced in Section 5 (compare with [SdA]). The presentation of the tangent Poisson
structure in Section 5 is close to the one given by Courant in [Co1,Co2,Co3].
The derivation dT helps to identify vector bundle morphisms ν:T
∗M → TM , which cor-
respond to Poisson structures (Theorem 4.4). This identification is complementary to ones
expressed in terms of the Jacobi identity and of the Schouten bracket. What is important,
the condition for ν is expressed in terms of objects and morphisms and does not require
any additional general operations like exterior derivative and the Schouten bracket. Hence,
it is a subject for functorial treatments.
The remaining part of the paper is devoted to the tangent lift of Poisson-Lie structures
and to the analysis of the symplectic foliations of tangent Poisson manifolds. We show in
Section 7 that the tangent group of a Poisson-Lie group (G,Λ) with the tangent Poisson
structure is again a Poisson-Lie group. Its Poisson-Lie algebra is the tangent Poisson-Lie
algebra of the Poisson-Lie algebra of (G,Λ) (Section 8). In Section 9 we define the tangent
lift of a generalized foliation and in Section 10 we prove that the symplectic foliation of
the tangent Poisson manifold (TM, dTΛ) is the tangent lift of the symplectic foliation of
(M,Λ).
This work is a contribution to a program of geometric formulations of physical theories
conducted jointly with W. M. Tulczyjew.
The authors wish to thank G. Marmo for helpful suggestions concerning the case of
Poisson-Lie structures.
1. Geometric preliminaries.
In this section we define morphisms
κrM :
∧r
TTM → T
∧r
TM
and
εrM :
∧r
T
∗
TM → T
∧r
T
∗M
which generalize the well-known isomorphisms κM and εM = α
−1
M . Functorial properties of
these mappings and their duals are discussed.
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Let M be a smooth manifold. By τM :TM → M we denote the tangent fibration and
by piM :T
∗M → M the cotangent fibration. For r = 0, 1, 2, . . . , we define exterior prod-
uct bundles
∧r
TM and
∧r
T
∗M with the canonical projections τrM :
∧r
TM → M and
pi
r
M :
∧r
T
∗M →M respectively. For r = 0 we have
∧0
TM ≃
∧0
T
∗M ≃M × R.
There is a collection of canonical pairings
〈, 〉rM :
∧r
TM ×M
∧r
T
∗M → R.
By applying the tangent functor to these pairings, we obtain tangent pairings
〈, 〉′
r
TM :T
∧r
TM ×TM T
∧r
T
∗M → TR→ T0R = R.
We used the canonical identification of bundles
T
∧r
TM ×TM T
∧r
T
∗M ≃ T(
∧r
TM ×M
∧r
T
∗M).
Let (xi) be a local coordinate system in M . In bundles
∧r
TM,
∧r
T
∗M, T
∧r
TM and
T
∧r
T
∗M we have adopted coordinate systems
(xi, x˙j1...jr ), (xi, pj1...jr ), (x
i, x˙j1...jr , δxk, δx˙l1...lr ) and (xi, pj1...jr , x˙
k, p˙l1...lr)
respectively, where j1 < j2 < · · · < jr, etc. . In these coordinates the introduced pairings
read as follows:
〈, 〉rM : ((x
i, x˙j1...jr ), (xi, pl1...lr )) 7→
∑
j1<j2<···<jr
x˙j1...jrpj1...jr
and
〈, 〉′
r
TM : ((x
i, x˙j1...jr , δxk, δx˙l1...lr ), (xi, pj1...jr , δx
k, p˙l1...lr)) 7→∑
j1<···<jr
(δx˙j1...jr · pj1...jr + x˙
j1...jr · p˙j1...jr ).
For each manifold M there is a canonical diffeomorphism (cf. [Tu1])
κM :TTM → TTM
which is an isomorphism of vector bundles
τTM :TTM → TM and TτM :TTM → TM.
In particular,
τTM ◦ κM = TτM and TτM ◦ κM = τTM .
Regarded as a diffeomorphism of TTM , κM is involutive: κ
2
M = IdTTM . By αM we denote
the isomorphism
αM :TT
∗M → T∗TM
of vector bundles
TpiM :TT
∗M → TM and piTM :T
∗
TM → TM,
dual to κM with respect to pairings 〈, 〉
′
TM = 〈, 〉
′1
TM and 〈, 〉TM = 〈, 〉
1
TM :
〈v, αM (w)〉TM = 〈κM (v), w〉
′
TM .
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In the following, by εM we denote α
−1
M . In the introduced above local coordinates in TTM ,
TT
∗M and the adopted from (xi) coordinates (xi, x˙j , pik, p˙il) in T
∗
TM, we have
(xi, x˙j , δxk, δx˙l) ◦ κM = (x
i, δxj , x˙k, δx˙l)
and
(xi, x˙j , pik, p˙il) ◦ αM = (x
i, x˙j , p˙k, pl).
Now, we generalize these morphisms to the multilinear case. Let
∧r
M be the wedge
product mapping ∧r
M
:×rτMTM →
∧r
TM.
We apply the tangent functor to this mapping and we get
T
∧r
M
:T×r
τM
TM → T
∧r
TM.
Since κM extends to an isomorphism of vector bundles
×rκM :×
r
τTM
TTM → ×r
TτM
TTM ≃ T×r
τM
TM,
we get also
T
∧r
M
◦ (×rκM ):×
r
τTM
TTM → T
∧r
TM.
It is easy to verify that this mapping is multilinear and skew-symmetric and, conse-
quently, defines a morphism κrM of vector bundles over TM :
κrM :
∧r
TTM → T
∧r
TM. (1.1)
In other words,
κrM ◦
∧r
TM
= T
∧r
M
◦ ×rκM ,
i. e., the following diagram is commutative
×r
τTM
TTM
∧rTM−−−−→
∧r
TTM
×rκM
y yκrM
T×r
τM
TM
T∧rM−−−−→ T
∧r
TTM
. (1.2)
Of course, κ1M = κM and for a simple r-vector v1 ∧ · · · ∧ vr on TM we have
κrM (v1 ∧ · · · ∧ vr) = T
∧r
M
(κM (v1), . . . , κM (v
r)).
In local coordinates κrM reads as follows:
(xi, x˙j1...jr , δxk, δx˙l1...lr) ◦ κrM = (xi, δx
j1...jr , x˙k,
∑
m
δxl1...lm−1 ∧ δx˙lm ∧ δxlm+1...lr ),
where (xi, x˙j , δxk1...kn ∧ δx˙ln+1...lr) are adopted coordinates in ∧rTTM , with the obvious
identification
δxl1...lm−1 ∧ δx˙lm ∧ δxlm+1...lr = (−1)r−mδxl1...lm−1lm+1...lr ∧ δx˙lm .
Let i
∧r−i
M be the wedge product
i
∧r−i
M
:
∧i
TM ×M
∧r−i
TM →
∧r
TM.
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From the diagram (1.2) we easily get that the diagram
∧i
TTM ×TM
∧r−i
TTM
κiM × κ
r−i
M−−−−−−−−→ T
∧i
TM ×TM T
∧r−i
TM
i∧r−i
TM
y Ti∧r−iM y∧r
TTM
κrM−−−−−−−−−−→ T
∧r
TM
(1.3)
is commutative.
In order to define εrM , a counterpart to κ
r
M , we consider first the mapping
T
∧r
T
∗M
◦ (×rεM ):×
r
pi
TM
T
∗
TM → T
∧r
T
∗
TM.
Since it is multilinear and skew-symmetric, it defines a mapping
εrM :
∧r
T
∗
TM → T
∧r
T
∗M
and, as in the case of κrM , we have
εrM ◦
∧r
pi
TM
= T
∧r
piM
◦ ×rεM ,
i. e., the diagram
×r
piTM
T
∗
TM
∧r
TM−−−−→
∧r
T
∗
TM
×rεM
y yεrM
T×r
τM
T
∗M
T∧rM−−−−→ T
∧r
T
∗M
(1.4)
is commutative.
Let (xi, x˙j , pik1...kn ∧ p˙iln+1...lr) be the adopted coordinate system in
∧r
T
∗
TM . We have
(xi, pj1...jr , x˙
k, p˙l1...lr) ◦ ε
r
M = (x
i, p˙ij1...jr , x˙
k,
∑
m
p˙il1...lm−1 ∧ pilm ∧ p˙ilm+1...lr).
Here we identified p˙il1...lm−1 ∧ pilm ∧ p˙ilm+1...lr and (−1)
m−1pilm ∧ p˙il1...lm−1lm+1...lr .
We have also a commutative diagram
∧i
T
∗
TM ×TM
∧r−i
T
∗
TM
εiM × ε
r−i
M−−−−−−−−→ T
∧i
T
∗M ×TM T
∧r−i
T
∗M
i∧r−i
TM
y Ti∧r−iM x∧r
T
∗
TM
εrM−−−−−−−−−−→ T
∧r
T
∗M
. (1.5)
By κrM
′ and εrM
′ we denote vector bundle morphism
κrM
′:T
∧r
T
∗M →
∧r
T
∗
TM,
and
εrM
′:T
∧r
TM →
∧r
TTM,
dual to κrM and ε
r
M with respect to pairings 〈, 〉
′
TM
r
and 〈, 〉r
TM . We have, in particular,
κ1M
′
= κ′M = ε
−1
M = αM and ε
1
M
′
= κM .
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Functorial properties
It is known that κM and αM are natural transformations of iterated functors TT, TT
∗
and T∗T, i. e., that for every morphism ϕ:M → N we have
κN ◦ TTϕ = TTϕ ◦ κM ,
αM ◦ TT
∗ϕ = T∗Tϕ ◦ αN ,
TT
∗ϕ ◦ εN = εM ◦ T
∗
Tϕ. (1.6)
Note that T∗ϕ is, in general, not a mapping but a relation only, with the domain T∗ϕ(M)N
and codomain (kerTϕ)o. Morphisms∧r
Tϕ:
∧r
TM →
∧r
TN
and ∧r
T
∗ϕ:
∧r
T
∗N →
∧r
T
∗M
are defined by relations ∧r
Tϕ ◦
∧r
M
=
∧r
N
◦ ×rTϕ
and ∧r
T
∗ϕ ◦
∧r
N
=
∧r
M
◦ ×rT∗ϕ.
Theorem 1.1. For ϕ:M → N we have
κrN ◦
∧r
TTϕ = T
∧r
Tϕ ◦ κrM
and
T
∧r
T
∗ϕ ◦ εrN = ε
r
M ◦
∧r
T
∗
Tϕ.
Proof. From the definition of κrN it follows that
κrN ◦
∧r
TTϕ ◦
∧r
TM
= κrN ◦
∧r
TN
◦ ×rTTϕ = T
∧r
N
◦ ×rκN ◦ ×
r
TTϕ
= T
∧r
N
◦ ×r(κN ◦ TTϕ) = T
∧r
N
◦ ×r(TTϕ ◦ κM ) = T
∧r
N
◦ ×rTTϕ ◦ ×rκM .
Since ∧r
Tϕ ◦
∧r
M
=
∧r
N
◦ ×rTϕ,
we get
T
∧r
Tϕ ◦ T
∧r
M
= T
∧r
N
◦ ×rTTϕ
and
T
∧r
N
◦ ×rTTϕ ◦ ×rκM = T
∧r
Tϕ ◦ T
∧r
M
◦ ×rκM = T
∧r
Tϕ ◦ κrM ◦
∧r
TM
.
This completes the proof of the first identity. The proof of the second one is analogous.
We have also the dual identities:
Theorem 1.2. For ϕ:M → N we have
κrM
′ ◦ T
∧r
T
∗ϕ =
∧r
T
∗
Tϕ ◦ κrN
′
and ∧r
TTϕ ◦ εrM
′ = εrN
′ ◦ T
∧r
Tϕ.
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2. Derivation dT of differential forms and multivector fields.
In this section we refer to the theory of derivations of differential forms as presented
in [PiTu]. We define the derivation dT on forms in a way which differs from the standard
one, but which shows its obvious extension to the case of multivector fields. It appears that
defined operation dT on multivector fields is a derivation of degree zero with respect to the
vertical lift of multivector fields. The most important property of dT is that it commutes
with the Schouten bracket.
Definition. Let Φ =
⊕∞
q=0Φ
q and Ψ =
⊕∞
q=0Ψ
q be commutative graded algebras and
let ρ: Φ → Ψ be a graded algebra homomorphism. A linear mapping a: Φ → Ψ is called a
ρ-derivation of degree r if:
a(Φq) ⊂ Ψq+r
and
a(µ ∧ ν) = a(µ) ∧ ρ(ν) + (−1)qrρ(µ) ∧ a(ν),
where q = degree µ.
Let M be a manifold and let τ :E → M be a vector fibration. By Φ(τ) we denote the
graded exterior algebra generated by sections of τ . For τ = piM we get the graded algebra
of forms on the manifoldM and for τ = τM - the graded algebra of multivector fields onM .
Let be µ ∈ Φr(piM ), i. e., µ is an r-form on M . The vertical lift of µ is an r-form
vT(µ) ∈ Φ
r(piTM ), vT(µ) = τ
∗
Mµ, i. e., vT(µ) is the pull-back of µ with respect to the
projection τM . Since the pull-back commutes with the wedge product, the mapping
vT: Φ(piM )→ Φ(piTM )
is a homomorphism of graded commutative algebras.
A second order vector field Γ on M is a vector field on TM such that
τTM ◦ Γ = idTM = (TτM ) ◦ Γ
or, equivalently, κM ◦ Γ = Γ. In adopted local coordinates,
Γ(x, x˙) = x˙k
∂
∂xk
+ fk(x, x˙)
∂
∂x˙k
.
The contraction of the vertical lift of a form µ ∈ Φr(piM ), r > 0, with Γ does not depend
on the choice of the second order field Γ. We define
iTµ =
{
iΓ(vTµ) ∈ Φ
r−1(piTM ), for r > 0
0 for r = 0.
The tangent lift dTµ of µ ∈ Φ(piM ) is defined by
dTµ = diTµ+ iTdµ = £ΓvT(µ).
Since £Γ is a derivation in Φ(piTM ) and vT is a homomorphism of graded algebras, it
follows that dT is a vT-derivation of degree 0.
If, in local coordinates, µ = µi1...irdx
i1 ∧ · · · ∧ dxir , then
dTµ(x, x˙) =
∂µi1...ir
∂xk
(x)x˙kdxi1 ∧ · · · ∧ dxir +
∑
m
µi1...ir (x)dx
i1 ∧ · · · ∧ dx˙im ∧ . . . dxir (2.1)
for r > 0 and
dTµ(x, x˙) =
∂µ
∂xi
(x)x˙i
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for r = 0.
The operation iT, which is, in fact, a vT-derivation of degree −1, can be defined in a
more intrinsic way. An r-form µ, r > 0, defines a vector bundle morphism
µ˜1:TM →
∧r−1
T
∗M : v 7→ ivµ
and the following formula holds:
iTµ = (µ˜
1)∗θr−1M , (2.2)
where θr−1M is the canonical (Liouville) (r − 1)-form on
∧r−1
T
∗M . The Liouville form is
defined by
θr−1M (a)(v1, . . . , vr−1) = a(TpiM (v1), . . .TpiM (vr−1)).
Let us notice also that for r = 0 we have dTµ(v) = 〈v, dµ〉 (µ is a function).
The tangent lift dTµ can be defined more directly by means of the tangent functor. Let
us fix 0 6 i 6 r. An r-form µ on M defines, in an obvious way, a vector bundle morphism
µ˜i:
∧i
TM →
∧r−i
T
∗M.
Now, we define κrM and ε
r
M for r = 0. We have
∧0
TM =
∧0
T
∗M =M × R. We define
κ0M = ε
0
M :
∧0
TTM = TM × R→ T
∧0
TM = T(M × R) = TM × R× T0R
by
(xi, x˙j , t, t˙) ◦ κ0M = (x
i, x˙j , 0, t).
The dual mapping κ0M
′
:T
∧0
TM →
∧0
TTM is given by
(xi, x˙j , t) ◦ κ0M
′
= (xi, x˙j , t˙).
Theorem 2.1. Let be µ ∈ Φr(piM ) and 0 6 i 6 r. The following diagram is commutative
T
∧i
TM
Tµ˜i
−−−−→ T
∧r−i
T
∗M
κiM
x (κr−iM )′y∧i
TTM
d˜Tµ
i
−−−−→
∧r−i
T
∗
TM
. (2.3)
Proof. We show first that there exists D(µ) ∈ Φr(piTM ) such that
D˜(µ)
i
= (κr−iM )
′ ◦ Tµ˜i ◦ κiM .
In order to do this, we apply the tangent functor to the commutative diagram
∧r
TM
µ˜r
−−−−−−−−−→ R
i∧r−iM
x 〈, 〉r−iM x∧i
TM ×M
∧r−i
TM
µ˜i × id
−−−−−→
∧r−i
T
∗M ×M
∧r−i
TM
(2.4)
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and, since the diagram (1.5) is commutative, we get the following commutative diagram
∧r
TTM
κrM−−−−→ T
∧r
TM
dTµ˜
r
−−−−→ R
i∧r−i
TM
x Ti∧r−iM x 〈, 〉′r−iTMx (2.5).∧i
TTM ×
TM
∧r−i
TTM
κiM × κ
r−i
M−−−−−−−−→ T
∧i
TM ×
TM
T
∧r−i
TM
Tµ˜i × id
−−−−−−→ T
∧r−i
T
∗M ×
TM
T
∧r−i
TM
Here we regard 0-forms as functions rather than sections of
∧0
T–bundles. It shows that
for u ∈
∧i
TTM and v ∈
∧r−i
TTM we have
〈Tµ˜i ◦ κiM (u), κ
r−i
M (v)〉
′r−i
TM = dTµ˜
r ◦ κrM (u ∧ v)
and, consequently,
dTµ˜
r ◦ κrM (u ∧ v) = 〈(κ
r−i
M )
′ ◦ Tµ˜i ◦ κiM (u), v〉
r−i
TM .
It follows that D(µ) exists and D(µ)(·) = dTµ˜
r ◦ κrM . Since in local coordinates
µ˜r(x, x˙) = µi1...ir x˙
i1...ir ,
we get
dTµ˜
r(x, x˙, δx, δx˙) =
∂µi1...ir
∂xk
(x)δxkx˙i1...ir + µi1...ir (x)δx˙
i1 ...ir
and
dTµ˜
r ◦ κrM =
∂µi1...ir
∂xk
(x)x˙kδxi1...ir +
∑
m
µi1...ir (x)δx
i1...im−1 ∧ δx˙im ∧ δxim+1...ir .
The right hand side in this formula corresponds precisely the right hand side in (2.1). It
follows that dTµ˜
r ◦ κrM = d˜Tµ
r
and this completes the proof.
Derivations of multivector fields and the Schouten bracket.
A similar construction can be done in the case of multivector fields. Let be X ∈ Φr(τM ).
As in the case of forms, we have a family of contraction mappings
X˜ i:
∧i
T
∗M →
∧r−i
TM.
Theorem 2.2. There is a uniquely defined multivector field dTX ∈ Φ
r(τTM ) such that
d˜TX
i
= (εr−iM )
′ ◦ TX˜ i ◦ εiM
for i = 0, 1, . . . , r, i. e., the following diagram is commutative
T
∧i
T
∗M
TX˜ i
−−−−→ T
∧r−i
TM
εiM
x (εr−iM )′y∧i
T
∗
TM
d˜TX
i
−−−−→
∧r−i
TTM
. (2.6)
The proof goes on like the proof of Theorem 2.1. In particular, we get
d˜TX
r
= dTX˜
r ◦ εrM ,
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i. e.,
dTX(a1, . . . , ar) = dTX˜
r(εMa1 ∧ · · · ∧ εMar).
Now, writing in local coordinates
X = X i1...ir (x)
∂
∂xi1
∧ · · · ∧
∂
∂xir
and p = pi1...irdx
i1 ∧ · · · ∧ dxir ,we have
X˜r(p) = X i1...irpi1...ir
and
dTX˜
r(xi, x˙k, pii1...im ∧ p˙iim+1...ir ) =
∂X i1...ir
∂xik
(x)x˙kp˙ii1...ir+
+
∑
m
X i1...ir (x)p˙ii1...im−1 ∧ piim ∧ p˙iim+1...ir ,
i. e.,
dTX =
∂X i1...ir
∂xik
(x)x˙k
∂
∂x˙i1
∧ · · · ∧
∂
∂x˙ir
+
∑
m
X i1...ir (x)
∂
∂x˙i1
∧ · · · ∧
∂
∂xim
∧ · · · ∧
∂
∂x˙ir
.
Now, let X be a simple r-vector field, i. e., X = X1 ∧ · · · ∧ Xr for some vector fields
Xi ∈ Φ(τM ). We can consider X˜
r as a multilinear, skewsymmetric function on ×rMT
∗M
X˜r(a1, . . . , ar) =
∑
σ∈Sn
(−1)σX˜σ(1)
1
(a1) · · · X˜σ(r)
1
(ar).
Since dT is a vT = τ
∗
×rT∗M
-derivation on forms, we have
dTX˜
r =
∑
σ∈Sn
(−1)σ
∑
m
vT(X˜σ(1)
1
) · · ·dT(X˜σ(m)
1
) · · · vT(X˜σ(r)
1
)
and
d˜TX
r
=
∑
σ∈Sn
(−1)σ
∑
m
(vT(X˜σ(1)
1
)) ◦ εM · · · (dT(X˜σ(m)
1
)) ◦ εM · · · (vT(X˜σ(r)
1
)) ◦ εM .
Let Y ∈ Φ1(τM ) be a vector field on M . Functions vT(Y˜
1) ◦ εM and dT(Y˜
1) ◦ εM are
linear functions on T∗TM and define vector fields on TM . In local coordinates we have for
Y = Y i
∂
∂xi
:
Y˜ 1(x, p) = Y i(x)pi and vT(Y˜
1)(x, p, x˙, p˙) = Y i(x)pi.
Hence, from the definition of εM ,
vT(Y˜
1) ◦ εM (x, x˙, pi, p˙i) = Y
i(x)p˙ii.
It follows that vT(Y˜
1) ◦ εM = Y˜ v
1
, where Y v = Y i(x)
∂
∂x˙i
is the vertical lift of Y . The
vertical lift Φ1(τM ) ∋ Y 7→ Y
v ∈ Φ1(τTM ) is linear and can be extended in a unique way
to a homomorphism vT of graded algebras
vT: Φ(τM )→ Φ(τTM ).
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The vertical lift Y v is the generator of a one-parameter group (ψt) of diffeomorphisms (a
flow) of TM defined by
ψt(v) = v + tY (τM (v)).
In a similar way we get
dTY˜
1(x, p, x˙, p˙) = Y i(x)p˙i +
∂Y i
∂xk
(x)pix˙
k
and
dTY˜
1 ◦ εM (x, x˙, pi, p˙i) = Y
i(x)pii +
∂Y i
∂xk
(x)x˙k p˙ii.
It follows that dTY˜
1 ◦ εM = Y˜ c
1
, where
Y c(x, x˙) = Y i(x)
∂
∂xi
+
∂Y i
∂xk
(x)x˙k
∂
∂x˙i
is the complete lift of Y . The vector field Y c is the generator of the (local) one-parameter
group of diffeomorphisms Tϕt:TM → TM , where (ϕt) is the flow generated by the vector
field Y .
Thus we have proved the following theorem.
Theorem 2.3. The mapping
dT: Φ(τM )→ Φ(τTM )
is a vT-derivation of degree 0 with dT(Y ) = Y
c for Y ∈ Φ1(τM ).
The following is a well-known theorem (e. g. [MFL,Co1,Co2], ).
Theorem 2.4. The Lie bracket of vertical and complete lifts satisfy the following com-
mutation relations
[Xv, Y v] = 0,
[Xc, Y c] = [X,Y ]c,
[Xv, Y c] = [X,Y ]v. (2.7)
The Lie bracket of vector fields can be extended to a graded Lie bracket on the graded
space Φ(τM ) of multivector fields – the Schouten bracket [·, ·]. In this graded Lie algebra
the space Φr(τM ) is of degree (r − 1). Let be X ∈ Φ
r(τM ). Then
[X,Y ∧ Z] = [X,Y ] ∧ Z + (−1)s(r−1)Y ∧ [X,Z]
for Y ∈ Φs(τM ), i. e., adX is a graded derivation of degree (r−1) of the graded commutative
algebra Φ(τM ). The mapping
ad: (Φ(τM ), [·, ·])→ Der(Φ(τM ),∧)
is a homomorphism of graded algebras. For simple multivectors we have the following
formula (cf. [Mi]):
[X1∧· · ·∧Xp, Y1∧· · ·∧Yq] =
∑
i,j
(−1)i+j [Xi, Yj ]∧X1∧· · ·Xi−1∧Xi+1∧· · ·∧Yj−1∧Yj+1∧· · ·Yq.
(2.8)
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Theorem 2.5. The derivation dT commutes with the Schouten bracket, i. e.,
[dTX, dTY ] = dT[X,Y ].
Proof. Let be X = X1 ∧ · · · ∧Xp. By (X1, . . . , Xp)n we denote a p-vector field X
v
1 ∧ · · · ∧
Xcn ∧ · · · ∧ X
v
p and by (X1, . . . , Xp)
i
n a (p − 1)-vector field as above with the i-th factor
omitted. We have then dTX =
∑p
i=1(X1, . . . , Xp)i. From the formula (2.8) and Theorem
2.3 we get, for Y = Y1 ∧ · · · ∧ Yq,
[dTX, dTY ] =
[
p∑
n=1
(X1, . . . , Xp)n,
q∑
m=1
(Y1, . . . , Yp)m
]
=
p∑
n=1
q∑
m=1
[(X1, . . . , Xp)n, (Y1, . . . , Yp)m] =
=
p∑
n=1
q∑
m=1
∑
j 6=m
(−1)n+j [Xcn, Y
v
j ] ∧ (X1, . . . , Xp)
n
n ∧ (Y1, . . . , Yq)
j
m+
+ (−1)n+m[Xcn, Y
c
m] ∧ (X1, . . . , Xp)
n
n ∧ (Y1, . . . , Yp)
m
m+
+
∑
i6=m
(−1)m+i[Xvi , Y
c
m] ∧ (X1, . . . , Xp)
i
n ∧ (Y1, . . . , Yq)
m
m
 =
=
∑
n,j
(−1)n+j[Xn, Yj ]
v ∧
∑
m 6=j
(X1, . . . , Xp)
n
n ∧ (Y1, . . . , Yq)
j
m+
+ (−1)n+m[Xn, Ym]
c ∧ (X1, . . . , Xp)
n
n ∧ (Y1, . . . , Yp)
m
m+
+
∑
m,i
(−1)i+m[Xi, Ym]
v ∧
∑
n6=i
(X1, . . . , Xp)
i
n ∧ (Y1, . . . , Yq)
m
m.
On the other hand,
dT[X,Y ] =
∑
i,j
(−1)i+j [Xi, Yj ]
c ∧ (X1, . . . , Xp)
i
i ∧ (Y1, . . . , Yq)
j
j+
+
∑
i,j
(−1)i+j [Xi, Yj ]
v ∧
∑
m 6=i
(X1, . . . , Xp)
i
m ∧ (Y1, . . . , Yq)
j
j+
+
∑
i,j
(−1)i+j [Xi, Yj ]
v ∧
∑
n6=j
(X1, . . . , Xp)
i
i ∧ (Y1, . . . , Yq)
j
n
and the required equality follows.
The rules of contractions for lifts of forms and vector fields we list in the following
Proposition.
Proposition 2.6. For µ ∈ Φ1(piM ) and X ∈ Φ
1(τM ) we have
〈vT(µ), vT(X)〉 = 〈τ
∗
Mµ,X
v〉 = 0,
〈dTµ, vT(X)〉 = 〈vTµ, dT(X)〉 = vT(〈µ,X〉) = τ
∗
M 〈µ,X〉,
〈dTµ, dTX〉 = dT(〈µ,X〉).
These formulas can be easily generalized for X ∈ Φr(τM ) (or µ ∈ Φ
r(piM )). We obtain
〈dTX, vTµ〉
(def)
= ivT(µ)dTX = vT(iµX),
〈dTX, dTµ〉
(def)
= idT(µ)dTX = dT(iµX),
〈vT(X), vT(µ)〉
(def)
= ivT(µ)vTX = 0 (2.9)
for X ∈ Φr(τM ), µ ∈ Φ
1(piM ) and also
〈dTµ, dTX〉 = 0 for µ ∈ Φ
r(piM ), X ∈ Φ
r(τM ), r > 2
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3. Lie derivations of forms and multivector fields.
The derivation dT on forms is strictly related to the Lie derivation in the algebra of
differential forms. It can be considered as a total Lie derivative. This point of view is
justified by Proposition 3.1. Theorem 3.2 gives an analogous result for dT on multivector
fields.
Proposition 3.1. [PiTu] Let X :M → TM be a vector field on M . Then we have
£Xµ = X
∗dTµ. (3.1)
Proof. Since X∗: Φ(piTM ) → Φ(piM ) is a homomorphism and dT: Φ(piM ) → Φ(piTM ) is a
vT-derivation, the mapping
X∗dT: Φ(piM )→ Φ(piM ) (3.2)
is also a derivation. It follows that it is enough to verify the formula for functions and their
differentials. We have for a function f on M
X∗dTf = dTf ◦X = 〈X, df〉 = X(f)
and
X∗dTdf = X
∗ddTf = d(X
∗dTf) = d(X(f)) = £Xdf.
To get an analogue to this proposition in the case of vector fields, we need an analogue
of the pull-back of forms with respect to a vector field. Let X be a vector field on M . We
have the decomposition of TX(M)TM into horizontal (tangent to X(M) ) and vertical parts
TX(M)TM = HXTM ⊕ VXTM. (3.3)
The canonical projection TXTM → VXTM we denote by PX . Let Y ∈ Φ
1(τTM ) be a
vector field on TM . By X∗Y we denote the unique vector field on M such that
vT(X
∗Y )|X(M) = PXY. (3.4)
The mapping Y 7→ X∗Y has the unique extension to a morphism of graded algebras
X∗: Φ(τTM )→ Φ(τM ). (3.5)
Theorem 3.2. Let X :M → TM be a vector field on M . For each λ ∈ Φ(τM ) we have
the following formulae:
£Xλ = X
∗dTλ
and
λ = X∗vTλ.
Proof. Since X∗: Φ(τTM ) → Φ(τM ) is a homomorphism and dT: Φ(τM ) → Φ(τTM ) is a
vT-derivation the mapping
X∗dT: Φ(τM )→ Φ(τM ) (3.6)
is also a derivation. It follows that it is enough to verify the formula for functions and
vector fields. We have for a function f on M and a vector field Y on M
X∗dTf = dTf ◦X = 〈X, df〉 = X(f) = £Xf
and (Proposition 2.6)
τ
∗
M (X
∗dTY (f)) = vT((X
∗dTY )(dTf)) = vT(X
∗dTY )(dTf).
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On the other hand,
(PXdTY ) ◦X = dTY ◦X − TX ◦ Y
and, consequently,
(X∗dTY )(f) = 〈dTY, dTdf〉 ◦X − 〈TX ◦ Y, dTdf〉.
Since
〈dTY, dTdf〉 ◦X = (dT(〈Y, df〉)) ◦X = X(Y (f))
and
〈TX ◦ Y, dTdf〉 = 〈Y,X
∗ddTf〉 = 〈Y, dX(f)〉 = Y (X(f)),
we get
(X∗dTY )(f) = X(Y (f))− Y (X(f)) = [X,Y ](f) = (£XY )(f).
The second identity follows directly from the definition.
Example.
Let be M = R, X = X(x)
∂
∂x
and Y = Y (x)
∂
∂x
. We have then
dTY = Y (x)
∂
∂x
+ Y ′(x)x˙
∂
∂x˙
and
dTY |X = Y (x)
∂
∂x
+ Y ′(x)X(x)
∂
∂x˙
.
The subspace of horizontal vectors is spanned by
∂
∂x
+X ′(x)
∂
∂x˙
. Hence the decomposition
of dTY |X into horizontal and vertical parts is the following:
Y (x)
∂
∂x
+ Y ′(x)X(x)
∂
∂x˙
=
= Y (x)
(
∂
∂x
+X ′(x)
∂
∂x˙
)
+ (X(x)Y ′(x)− Y (x)X ′(x))
∂
∂x˙
.
The vertical part is obviously the vertical lift of
(X(x)Y ′(x)− Y (x)X ′(x))
∂
∂x
= [X,Y ](x) = £XY (x).
In the following sections we represent a Poisson structure by a vector bundle morphism
T
∗M → TM rather than by a bi-vector field. We need then a formula for the Lie derivative
of a bi-vector field λ expressed in terms of λ˜1. In order to get it, we first identify an
operation dual to X∗.
The projection TτM induces an isomorphism TτM :HXTM → TM and the dual isomor-
phism (TτM )
′:T∗M → H∗XTM .
When composed with (I−PX)
′, this isomorphism gives an isomorphism T∗M → V ◦XTM ,
where V ◦XTM is the annihilator of VXTM in T
∗
X(M)TM . It follows that for ν ∈ Φ
1(piTM )
the decomposition
ν = (ν − vT(X
∗ν)) + vT(X
∗ν)
is, on X(M), the decomposition related to the decomposition
T
∗
X(M)TM = H
◦
XTM ⊕ V
◦
XTM,
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dual to (3.3). For ν = dTµ we have vT(X
∗ν) = vT(£Xµ) (Proposition 3.1). Hence, for
Y ∈ Φ1(τTM ) we have
〈µ,X∗Y 〉 = (〈dTµ, vT(X
∗Y )〉) ◦X = (〈dTµ− vT(£Xµ), Y 〉) ◦X (3.7)
It is convenient to introduce an operation
X+:Φ(piM )→ Φ(piTM ):µ 7−→ dTµ− vT(£Xµ),
which is a vT -derivation of degree 0.
It follows directly from (3.7) that for Y ∈ Φr(τTM ) and µ1, . . . , µr ∈ Φ
1(piM ), r > 0, we
have
〈(X+µ1) ∧ · · · ∧ (X+µr), Y 〉 ◦X = 〈µ1 ∧ · · · ∧ µr, X
∗Y 〉, (3.8)
so the mapping
X∗(µ1 ∧ . . . µr) = (X+µ1) ∧ · · · ∧ (X+µr)
regarded as a homomorhism of graded algebras
X∗ : Φ(piM )→ Φ(piX(M)),
where
piX(M) : T
∗
X(M)TM → X(M),
is dual to X∗ :
〈X∗µ, Y 〉 ◦X = 〈µ,X
∗Y 〉.
For 1-forms we shall write X∗µ instead of X+µ.
Proposition 3.3. Let X be a vector field on M and let λ be a 2-vector field on M .
£Xλ = 0 if and only if for every pair f, g of functions on M
〈X∗dg, d˜Tλ
1
(X∗df)〉 = 0.
Proof. From Theorem 3.2 it follows that £Xλ = 0 iff
〈dg, X˜∗dTλ
1
(df)〉 = 0
for each pair (f, g) of functions on M . From (3.8) we have then that £Xλ = 0 if and only if
〈X∗dg, d˜Tλ
1
X∗df〉 = 0.
4. Symplectic and Poisson structures. In this section we give definitions of symplectic
and Poisson structures represented by morphisms of tangent and cotangent bundles. These
definitions do not make use of the exterior derivative and of the Schouten bracket.
By the standard definition, a symplectic structure on M is a nondegenerate, closed two-
form ω on M . The canonical example is the 2-form ΩM on T
∗M . On the other hand, any
2-form µ on M can be represented by
µ˜i:
∧i
TM →
∧2−i
T
∗M, i = 0, 1, 2.
The standard definition is expressed, in fact, in terms of µ˜0. We can also formulate a
definition of a symplectic structure in terms of µ˜2 making use of the well known formula
for the exterior derivative:
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Proposition 4.1. A linear fibre bundle morphism ν:
∧2
TM →
∧0
T
∗M represents a
symplectic structure on M if it is nondegenerated (in the obvious meaning) and
X(ν(Y, Z)) + Y (ν(Z,X)) + Z(ν(X,Y ))− ν([X,Y ], Z)− ν([Y, Z], X)− ν([Z,X ], Y ) = 0
where X,Y, Z ∈ Φ1(τM ).
Now, we provide a definition of a (pre-)symplectic structure in terms of µ˜1.
First, we need a condition for a 2-form µ to be closed in terms of µ˜1.
Theorem 4.2.
A 2-form µ on M is closed if and only if
dTµ = (µ˜
1)∗ΩM
Proof. From the formula 2.2 we have
diTµ = (µ˜
1)∗ΩM
and, consequently,
dTµ = diTµ+ iTdµ = (µ˜
1)∗ΩM − iTdµ.
Since iTdµ = 0 iff dµ = 0, we get that dµ = 0 if and only if
dTµ = (µ˜
1)∗ΩM .
A condition for a vector bundle morphism ν:TM → T∗M to define a symplectic structure
on M is given by the following theorem.
Theorem 4.3. An isomorphism ν:TM → T∗M of vector bundles defines a symplectic
structure on M if and only if the following diagram is commutative
TT
∗M
Ω˜M
1
−−−−→ T∗T∗M
Tν
x T∗νy
TTM T∗TM
κM
y αMx
TTM
Tν
−−−−→ TT∗M
. (4.1)
Proof. Commutativity of the diagram 4.1 is equivalent to the equality
αM ◦ Tν ◦ κM = T
∗ν ◦ Ω˜M
1
◦ Tν (4.2)
and to the dual (with respect to proper pairings) equality
αM ◦ Tν
∗ ◦ κM = T
∗ν ◦ (Ω˜M
1
)∗ ◦ Tν. (4.3)
Since (Ω˜M
1
)∗ = −Ω˜M , we get from 4.3 that
Tν = −Tν∗
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and, consequently, that ν∗ = −ν. It proves that ν is skew-symmetric and, consequently,
that the exist a 2-form µ on M , such that ν = µ˜1. Equality 4.2 reads now
dµ = (µ˜1)∗ΩM .
It follows from Theorem 4.2 that µ is closed.
As in the case of symplectic structures, a Poisson structure on M can be represented by
one of three equivalent objects:
(1) a bivector field Λ,
(2) a homomorphism Λ˜1 of vector bundles,
(3) a bilinear, skew-symmetric function Λ˜2.
The condition for Λ to be a Poisson structure is vanishing of the Schouten bracket:
[Λ,Λ] = 0.
A skew-symmetric function
λ:
∧2
T
∗M →
∧0
TM ≃M × R
defines a Poisson structure if the Jacobi identity is fulfilled:
λ(df, λ(dg, dh)) + λ(dg, λ(dh, df)) + λ(dh, λ(df, dg)) = 0,
where f, g, h ∈ Φ0(piM ).
In order to get a definition of a Poisson structure in terms of a vector bundle morphism
ν:T∗M → TM , we need the following theorem.
Theorem 4.4.
A 2-vector field Λ on M defines Poisson structure if and only if
(Λ˜1)∗ΛM ⊂ dTΛ
(one can say that ΛM and dTΛ are Λ˜
1-related), where ΛM = (ΩM )
−1 is the canonical
2-vector field on T∗M .
Proof. In local coordinates Λ =
1
2
Λij
∂
∂xi
∧
∂
∂xj
. The 2-vector field Λ defines a Poisson
structure if and only if
∑
i
(Λij
∂
∂xi
Λkl + Λik
∂
∂xi
Λlj + Λil
∂
∂xi
Λjk) = 0. (4.4)
The canonical 2-vector field ΛM on T
∗M is given by
ΛM =
∑
i
∂
∂xi
∧
∂
∂pi
.
Moreover,
dTΛ =
1
2
∑
ijk
∂Λij
∂xk
x˙k
∂
∂x˙i
∧
∂
∂x˙j
+
∑
ij
Λij
∂
∂x˙i
∧
∂
∂xj
. (4.5)
For a ∈ T∗M,
x˙i((Λ˜1)(a)) =
∑
j
Λjipj(a)
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and, consequently,
(Λ˜1)∗(
∂
∂xi
) =
∂
∂xi
+
∑
j,k
pj(
∂
∂xi
Λjk)
∂
∂x˙k
(Λ˜1)∗(
∂
∂pi
) =
∑
j
Λij
∂
∂x˙j
.
Hence
(Λ˜1)∗ΛM =
∑
i,j
Λij
∂
∂xi
∧
∂
∂x˙j
+
∑
ijk
plΛ
ij(
∂
∂xi
Λlk)
∂
∂x˙k
∧
∂
∂x˙j
. (4.6)
It follows from 4.5 and 4.6 that (Λ˜1)∗ΛM ⊂ dTΛ if and only if
Λlkpl
∂
∂xk
Λij = Λkj(
∂
∂xk
Λli)pl − Λ
ki(
∂
∂xk
Λlj)pl,
but this is equivalent to 4.4.
Now, we are ready for a proof of an analogue of Theorem 4.3.
Theorem 4.5. A vector bundles morphism λ:T∗M → TM defines a Poisson structure
on M if and only if the following diagram is commutative
TT
∗M ←−−−−
ΛM
T
∗
T
∗M
Tλ
y T∗λx
TTM T∗im(λ)TM
ε′M
x εMy
TTM ←−−−−
Tλ
TT
∗M
. (4.7)
Proof. Commutativity of the diagram is equivalent to
Tλ ◦ Λ˜M
1
◦ T∗λ = ε′M ◦ Tλ ◦ εM
and to the dual equality
Tλ ◦ (Λ˜M
1
)∗ ◦ T∗λ = ε′M ◦ Tλ
∗ ◦ εM .
Since (Λ˜M
1
)∗ = −Λ˜M
1
we get Tλ∗ = −Tλ and, consequently, λ∗ = −λ. It follows that
there exists a bivector field Λ on M such that λ = Λ˜1. From Theorem 4.4 we have that Λ
is a Poisson structure if and only if the diagram 4.7 is commutative.
In the diagrams, T∗λ is a relation (not a mapping) and diagrams are in the category of
relations.
In order to illustrate the condition 4.7, let us consider the case of a linear Poisson struc-
ture. Let M = V be a vector space. We have obvious identifications:
TV = V × T0V = V × V, T
∗V = V × V ∗,
TTV = (V × V )× (V × V ), TT∗V = (V × V ∗)× (V × V ∗),
T
∗
T
∗V = (V × V ∗)× (V ∗ × V ).
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With these identifications the canonical morphisms εM , κM , Λ˜M
1
look like follows:
εV :T
∗
TV ∋ (v, w; a, b) 7−→ (v, b;w, a) ∈ TT∗V,
κV :TTV ∋ (v, w;x, y) 7−→ (v, x;w, y) ∈ TTV,
Λ˜V
1
:T∗T∗V ∋ (v, a;w, b) 7−→ (v, a;−w, b) ∈ TT∗V.
A linear Poisson structure Λ is given by a mapping
Λ˜1:T∗V ∋ (v, a) 7−→ (v, λ(v, a)) ∈ TV,
where λ:V × V ∗ → V is bilinear. We have for such Λ:
TΛ˜1: (v, a;w, b) 7−→ (v, λ(v, a);w, λ(v, b) + λ(w, a)),
T
∗Λ˜1: (v, λ(v, d); a, b) 7−→ (v, d; a+ ∗λ(b, d), λ∗(v, b)),
where ∗λ and λ∗ are conjugate to λ with respect to the left and to the right argument
respectively. The condition 4.7 reads as follows:
The mapping Λ˜1 defines a Poisson structure if and only if the following conditions are
satisfied for each v, a, b:
(1) λ(v, b) = −λ∗(v, b),
(2) λ(v, ∗λ(b, a)) = λ(λ(v, a), b) − λ(λ(v, b), a),
which means that
∗λ:V ∗ × V ∗ → V ∗
is a Lie bracket.
5. Tangent Poisson structures.
Let (M,Λ) be a Poisson manifold, where M is a manifold and Λ ∈ Φ2(τM ) satisfies
[Λ,Λ] = 0. It follows from Theorem 2.5 that (TM, dTΛ) is also a Poisson manifold:
[dTΛ, dTΛ] = dT[Λ,Λ] = 0.
We call dTΛ the tangent Poisson structure. Let be, in local coordinates,
Λ =
1
2
Λij(x)
∂
∂xi
∧
∂
∂xj
, Λij = −Λji,
then
dTΛ = Λ
ij(x)
∂
∂xi
∧
∂
∂x˙j
+
1
2
∂Λij
∂xk
x˙k
∂
∂x˙i
∧
∂
∂x˙j
. (5.1)
The Poisson structure Λ defines a Poisson bracket {f, g}Λ = Λ(df ∧dg) which provides the
algebra Φ0(τM ) of smooth functions with a structure of Lie algebra. The tangent Poisson
structure defines a Poisson bracket {, }dTΛ on TM which is characterized by the following
relations:
{dTf, dTg}dTΛ = dT{f, g}Λ,
{dTf, vTg}dTΛ = {vTf, dTg} = vT{f, g}Λ,
{vTf, vTg}dTΛ = 0. (5.2)
This is exactly the lift of Λ defined in [SdA,Co3]. For a 1-form µ ∈ Φ1(piM ) we put Λµ = iµΛ.
For a function f the vector field Λdf is the hamiltonian vector field generated by f .
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Theorem 5.1. The tangent Poisson structure dTΛ is linear with respect to the vector
bundle structure in τM :TM → M . Moreover, for µ, ϑ ∈ Φ
1(pi) we have the following
formula:
{iTµ, iTϑ}dTΛ = iT(d〈Λ, µ ∧ ϑ〉+ iΛµdϑ− iΛϑdµ). (5.3)
Proof. It enough to proof the formula 5.3. We have
{iTµ, iTϑ}dTΛ = 〈dTΛ, diTµ ∧ diTϑ〉 =
= 〈dTΛ, dTµ ∧ dTϑ− dTµ ∧ iTdϑ− iTdµ ∧ dTϑ+ iTdµ ∧ iTdϑ〉. (5.4)
Since the 1-forms iTdµ and iTdϑ are vertical, we have
〈dTΛ, iTdµ ∧ iTdϑ〉 = 0.
Moreover,
〈dTΛ, dTµ ∧ dTϑ〉 = idTϑidTµdTΛ = idTϑdT(iµΛ) = dT(〈Λ, µ ∧ ϑ〉)
and
〈dTΛ, dTµ ∧ iTdϑ〉 = 〈dT(Λµ), iTdϑ〉 = idT(Λµ)iΓvT(dϑ) =
= −iΓidTΛµvTdϑ = −iΓvT(iΛµdϑ) = −iT(iΛµdϑ),
where Γ is a second order vector field (see Section 2). Similarly,
〈dTΛ, iTdµ ∧ dTϑ〉 = iT(iΛϑµ)
and the theorem follows.
Since dTΛ is a linear Poisson structure, it defines an algebroid structure in the dual vector
bundle T∗M . The theorem provides an explicit formula for the Lie bracket in Φ1(piM ):
{µ, ϑ}Λ = d〈Λ, µ ∧ ϑ〉+ iΛµdϑ− iΛϑdµ
= £Λµϑ−£Λϑµ− d〈Λ, µ ∧ ϑ〉.
This is exactly the well-known extension of a Poisson bracket to 1-forms. Thus we have got
a new way to define it using the tangent lift.
Example.
Let us consider the Poisson structure on R2 given by
Λ = x2
∂
∂x
∧
∂
∂y
.
The tangent lift of this structure is given by the following formula:
dTΛ = x
2(
∂
∂x˙
∧
∂
∂y
+
∂
∂x
∧
∂
∂y˙
) + 2xx˙
∂
∂x˙
∧
∂
∂y˙
.
For 1-forms µ = µ1(x, y)dx+ µ2(x, y)dy and ϑ = ϑ1(x, y)dx+ ϑ2(x, y)dy we have iTµ =
µ1(x, y)x˙ + µ2(x, y)y˙ and iTϑ = ϑ1(x, y)x˙ + ϑ2(x, y)y˙. We can easily calculate the Poisson
bracket
{iTµ, iTϑ}d
T
Λ = x
2
[
µ1
(
∂ϑ1
∂y
x˙+
∂ϑ2
∂y
y˙
)
− µ2
(
∂ϑ1
∂x
x˙+
∂ϑ2
∂x
y˙
)
−ϑ1
(
∂µ1
∂y
x˙+
∂µ2
∂y
y˙
)
+ ϑ2
(
∂µ1
∂x
x˙+
∂µ2
∂x
y˙
)]
+ 2xx˙(µ1ϑ2 − µ2ϑ1).
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Hence,
{iTµ, iTϑ}d
T
Λ = iT{µ, ϑ}Λ, where
{µ, ϑ}Λ =
[
x2
(
µ1
∂ϑ1
∂y
− µ2
∂ϑ1
∂x
− ϑ1
∂µ1
∂y
+ ϑ2
∂µ1
∂x
)
+ 2x(µ1ϑ2 − µ2ϑ1)
]
dx
+ x2
(
µ1
∂ϑ2
∂y
− µ2
∂ϑ2
∂x
− ϑ1
∂µ2
∂y
+ ϑ2
∂µ2
∂x
)
dy.
In particular, {xdy, dy}Λ = x
2dy and {xdy, dx}Λ = −2x
2dx.
6. Canonical vector fields.
It is well known [Tu2] that for a symplectic manifold (M,ω) the tangent structure
(TM, dTω) is also a symplectic manifold. We use Proposition 3.1, to get a simple proof
that canonical vector fields on a symplectic manifold are Lagrangian submanifolds with re-
spect to the tangent symplectic structure (compare with [SdA]). It justifies the concept of a
generalized canonical system as a Lagrangian submanifold of the tangent Poisson manifold.
Proposition 6.1. Let X :M → TM be a vector field on a symplectic manifold (M,ω).
The vector field X is canonical, i. e., £Xω = 0 if and only if X(M) is a Lagrangian
submanifold of (TM, dTω).
Proof. From the Proposition 3.1,£Xω = X
∗dTω.Hence£Xω = 0 if and only ifX
∗dTω = 0,
but the last means that X(M) is isotropic in (TM, dTω) and, consequently, Lagrangian (the
dimension of X(M) is equal to the dimension of M).
We have an analogue of this theorem for Poisson manifolds. To formulate it we need the
definition of a Lagrangian submanifold of a Poisson manifold.
Definition. Let (M,Λ) be a Poisson manifold. A submanifold N ⊂ M is Lagrangian if
for each m ∈ N
Λ˜1(TmN)
o = Λ˜1(T∗mM) ∩ TmN (6.1)
Theorem 6.2. Let X :M → TM be a vector field on a Poisson manifold (M,Λ). X is
canonical, i. e., £XΛ = 0 if and only if X(M) is a Lagrangian submanifold of (TM, dTΛ).
Proof.
From Proposition 3.3, £XΛ = 0 if and only if, for f, g ∈ C
∞(M),
〈d˜TΛ
1
(X∗df), X∗dg〉 = 0.
On the other hand, X(M) is Lagrangian if for each v ∈ X(M)
{d˜TΛ
1
(X∗df)(v)|f ∈ C
∞(M)} = TvX(M) ∩ d˜TΛ
1
(T∗vTM). (6.2)
Since w ∈ TvX(M) is characterized by X∗df(w) = 0, the inclusion
′′ ⊂′′ is equivalent to
〈d˜TΛ
1
(X∗df)(v), X∗dg〉 = 0.
Thus, if X(M) is Lagrangian then X is canonical. In order to prove that for a canonical X
the submanifold X(M) is Lagrangian, it is enough to show that the inclusion ′′ ⊃′′ holds.
Let be a ∈ T∗vTM . There are functions f, g on M such that a = dv(dTf) + dv(vTg). We
have then (2.9)
d˜TΛ
1
(a) = dT(Λ˜
1df) + vT(Λ˜
1dg). (6.3)
It follows that
TτM (d˜TΛ
1
a) = TτM (dT(Λ˜
1df) = Λ˜1dmf, (6.4)
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where m = τMv. Thus the tangent projections of vectors in TX(M) ∩ d˜TΛ
1
(T∗TM) are
in the image of Λ˜1. For a vector w ∈ Λ˜1(T∗M) there is only one vector v ∈ TX(M) such
that TτMv = w, namely, v = TX(w). Let be w = Λ˜
1dmf . The inclusion
′′ ⊂′′ implies that
d˜TΛ
1
(dX(m)(dTf − vT(Xf)) is tangent to X(M). Since (6.3 and 6.4)
TτM d˜TΛ
1
(d(dTf − vT(Xf))(X(m))) = Λ˜
1dmf = w,
we have d˜TΛ
1
(X∗df)(X(m)) = TX(w).
7. Tangent Poisson-Lie structures.
The growing interest in Poisson-Lie structures justifies analysis of every aspect of these
structures. We show that the tangent lift of a Poisson-Lie structure is a Poisson-Lie structure
(Theorem 7.1). Vertical and complete lifts of left (right) invariant vector fields on G turn
out to be left (right) invariant on TG.
Let M, N be differentiable manifolds. Since there is a canonical identification T(M ×
N) ≃ TM × TN , we have also canonical inclusions
∧2
TM ×
∧2
TN ⊂
∧2
T(M × N) and
Φ2(τM ) ⊕ Φ
2(τN ) ⊂ Φ
2(τN×M ). It is trivial task to verify, that if (M,Λ) and (N,Π) are
Poisson manifolds then (M ×N,Λ ⊕ Π) is also a Poisson manifold. The Poisson structure
Λ ⊕ Π is called the product Poisson structure. Finally, we recall the notion of a Poisson
map. A smooth mapping ϕ:M → N is a Poisson map if∧2
Tϕ ◦ Λ = Π ◦ ϕ
or, equivalently,
Tϕ ◦ Λ˜ ◦ T∗ϕ = Π˜,
where Λ˜ = Λ˜1, Π˜ = Π˜1.
Let (G,m) be a Lie group and let (G,Λ) be a Poisson manifold. We say that (G,m,Λ)
is a Poisson-Lie group if the group multiplication m is a Poisson mapping:
m: (G×G,Λ⊕ Λ)→ (G,Λ)
or, equivalently,
Tm ◦ (Λ˜× Λ˜) ◦ T∗m = Λ˜. (7.1)
We say in this case that Λ is multiplicative.
Applying the tangent functor to 7.1, we get
TTm ◦ (TΛ˜× TΛ˜) ◦ TT∗m = TΛ˜. (7.2)
It is well known that (TG,Tm) is a Lie group.
Theorem 7.1. Let (G,m,Λ) be a Poisson-Lie group. Then (TG,Tm, dTΛ) is also a
Poisson-Lie group.
Proof. We have to show that dTΛ is multiplicative with respect to Tm, i. e., that
TTm ◦ (d˜TΛ× d˜TΛ) ◦ T
∗
Tm = d˜TΛ.
Since, due to (2.6), d˜TΛ = κG ◦TΛ˜◦εG, it follows from functorial properties of κ and ε that
TTm ◦ (d˜TΛ× d˜TΛ) ◦ T
∗
Tm = TTm ◦ κG×G ◦ (TΛ˜× TΛ˜) ◦ εG×G ◦ T
∗
Tm
= κG ◦ TTm ◦ (TΛ˜ × Λ˜) ◦ TT
∗m ◦ εG
and by (7.2) the required identity follows.
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Let g be the Lie algebra of the Lie group G. The tangent bundle TG can be trivialized
by right or left translations:
(Kr, τG):TG→ g×G
or
(τG,K
l):TG→ G× g,
where Kr(K l) is the right-invariant (left-invariant) Maurer-Cartan form. The group struc-
ture in TG is given by the formula
(X, g) · (Y, h) = (X +Ad(g)Y, gh)
in the right trivialization and
(g,X) · (h, Y ) = (gh,X +Ad(h−1)Y )
in the left trivialization. The neutral element eT is represented by (0, e) in the right trivi-
alization and by (e, 0) in the left trivialization.
The Lie algebra Tg of TG is isomorphic as a linear space to g× g. This isomorphism is
implemented by the zero section jG:G→ TG and the obvious embedding jg: g→ TeG ⊂ TG
and is given by the following formula
g× g ∋ (X,Y )→ TejG(X) + T0jg(Y ) ∈ TeTTG. (7.3)
From now on we shall denote TejG(X) by X˙ and T0jg(Y ) by Ŷ . We have the following
commutation rules:
[X˙, Y˙ ]Tg = [X,Y ]˙g,
[X˙, Ŷ ]Tg = [X̂, Y˙ ]Tg = [̂X,Y ]g,
[X̂, Ŷ ]Tg = 0.
It follows that the Lie algebra Tg is a semidirect product g⋉ g with respect to the adjoint
representation in g of the Lie algebra g, i. e.,
[(X,Y ), (X ′, Y ′)]g⋉g = ([X,X
′]g, [X,Y
′]g + [Y,X
′]g).
Theorem 7.2. Let be X ∈ g and let X lG be the corresponding left invariant vector field
on G. Then
X̂ l
TG = (X
l
G)
v and X˙ l
TG = (X
l
G)
c,
i. e., the corresponding to X̂ and X˙ left invariant vector fields on TG are the vertical and
complete lifts of X lG respectively. An analogous statement is true for right invariant vector
fields.
Proof. The group multiplication Tm in TG is the tangent lift of the group multiplication
m in G. It follows that
Tm(ug, vh) = TLg(vh) + TRh(ug),
where Lg and Rh are left and right translations by g and h respectively. The left translation
LTug by ug in TG is therefore given by
LTug(vh) = TLg(vh) + TRh(ug).
It is easy to verify that (X lG)
c(eT ) = X˙ and (X lG)
v(eT ). Since the mapping (7.3) is a linear
isomorphism, it is enough to show that vector fields (X lG)
c and (X lG)
v are left-invariant
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on TG. In other words, we have to show that flows they generate commute with left
translations.
The flow ψt of the vertical lift is given by
ψt(vh) = vh + tX
l
G(h),
we have then
LTug ◦ ψ
t(vh) = TLg(vh + tX
l
G(h)) + TRh(ug)
= TLg(vh) + TRh(ug) + tTLg(X
l
G(h))
= TLg(vh) + TRh(ug) + tX
l
G(gh) = ψ
t ◦ LTug (vh).
We made use of the left-invariance of X lG.
The flow of the complete lift (X lG)
c is the tangent lift of the flow ϕt of X lG. We have
LTug ◦ Tϕ
t(vh) = TLg ◦ Tϕ
t(vh) + TRϕt(h)(ug)
= T(Lg ◦ ϕ
t)(vh) + TRϕt(h)(ug)
and, since ϕt is the flow of a left-invariant vector field, i. e.,
Lg ◦ ϕ
t = ϕt ◦ Lg
and
ϕt ◦Rh(g) = ϕ
t(gh) = Lg(ϕ
t(h)) = Rϕt(h)(g),
we get
T(Lg ◦ ϕ
t)(vh) + TRϕt(h)(ug) = T(ϕ
t ◦ Lg)(vh) + T(ϕ
t(h) ◦Rh)(ug) = Tϕ
t ◦ LTug(vh).
8. Tangent Poisson-Lie algebras of Poisson-Lie groups.
In this section we show that the tangent to the Poisson-Lie algebra of a Poisson-Lie group
(G,Λ) is the Poisson-Lie algebra of the Poisson-Lie group (TG, dTΛ). A special case of of
Poisson structures defined by r-matrices is discussed.
The Lie algebra of a Poisson-Lie group inherits a Poisson structure. We recall here a
standard construction. More natural and more geometric one will be given in Section 10
(Proposition 10.4).
Let (G,m,Λ) be a Poisson-Lie group. A Poisson structure Λ on a Lie group can be
regarded, using the right trivialization of TG, as a mapping Λ¯:G → g ∧ g. The Poisson
structure Λ is multiplicative if and only if Λ¯ is a 1-cocycle of G with respect to the adjoint
representation of G in g ∧ g. In particular, we have Λ¯(e) = 0. The tangent mapping
λ = TeΛ¯:TeG = g→ T0(g ∧ g) = g ∧ g,
being a 1-cocycle of g, defines a cobracket (Poisson bracket on g). The pair (g, λ) is called
the tangent Poisson-Lie algebra of the Poisson-Lie group (G,m,Λ).
Let (X1, . . . , Xn) be a basis of the Lie algebra g. We can write
Λ =
∑
λijXri ∧X
r
j ,
where λij are smooth functions on G and Xri are the corresponding right invariant vector
fields. We have then
Λ¯(g) =
∑
λij(g)Xi ∧Xj
and
λ(Xk) = 〈Xk, dλ
ij(e)〉Xi ∧Xj =
1
2
c
ij
k Xi ∧Xj,
where cijk are structure constants of the Lie algebra g. The cobracket λ: g → g ∧ g may be
regarded as a bivector field on g which defines a linear Poisson structure on g.
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Definition. A Poisson-Lie algebra (g, δ) is a Lie algebra g and a 1-cocycle (cobracket)
δ: g → g ∧ g (with respect to the adjoint representation of g in g ∧ g) such that it defines a
Poisson structure on g or, equivalently, that the dual mapping δ∗: g∗ ∧ g∗ is a Lie bracket
on g∗.
The tangent Poisson-Lie algebra is an example of an abstract Poisson-Lie algebra. For
simple connected Lie groups there is one-to-one correspondence between Poisson-Lie struc-
tures on G and Poisson-Lie algebra structures on g. The Poisson-Lie algebra (g, λ) can
be seen as a quadruple (g, g∗, [·, ·], [·, ·]∗) and, for this reason, it is called sometimes a Lie
bialgebra.
Theorem 8.1. Let λ: g → g ∧ g be the cobracket of the tangent Poisson-Lie algebra of a
Poisson-Lie group (G,m,Λ). Then
dTλ:Tg→ Tg ∧ Tg
is the cobracket of the tangent Poisson-Lie algebra of the tangent Poisson-Lie group
(TG,Tm, dTΛ). The dual mapping
(dTλ)
∗: (Tg)∗ ∧ (Tg)∗ → (Tg)∗
is the Lie bracket on the tangent Lie algebra of (g∗, λ∗).
Proof. For any X ∈ Φr(τM ) and for any smooth function f ∈ Φ
0(piM ) we have
dT(fX) = τ
∗
M (f)dTX + dTf · vT(X).
Moreover, Y v(τ∗Mf) = 0, Y
v(dTf) = Y
c(τ∗Mf) = τ
∗
M (Y (f)) and Y
c(dTf) = dT(Y (f)) for
any vector field Y ∈ Φ1(τM ).
Now, let Λ = ΛijXri ∧X
r
j and λ(Xk) =
1
2c
ij
k Xi ∧ Xj for a basis (X1, . . . , Xn) in g. We
have
dTΛ = 2τ
∗
G(Λ
ij)(Xri )
c ∧ (Xrj )
v + dT(Λ
ij)(Xri )
v ∧ (Xrj )
v
= 2τ∗G(Λ
ij)(X˙i)
r ∧ (X̂j)
r + dT(Λ
ij)(X̂i)
r ∧ (X̂j)
r.
The cobracket δ on the Lie algebra of TG is given by the formulae
δ(X̂k) = (X
r
k)
v(2τ∗G(Λ
ij))(eT )X˙i ∧ X̂j + (X
r
k)
v(dT(Λ
ij))(eT )X̂i ∧ X̂j
= τ∗G(X
r
k(Λ
ij))(eT )X̂i ∧ X̂j = X
r
k(Λ
ij)(e)X̂i ∧ X̂j
= 〈Xk, dΛ
ij〉(e)X̂i ∧ X̂j =
1
2
c
ij
k X̂i ∧ X̂j
and
δ(X˙k) = (X
r
k)
c(2τ∗G(Λ
ij))(eT )X˙i ∧ X̂j + (X
r
k)
c(dT(Λ
ij))(eT )X̂i ∧ X̂j
= 2Xrk(Λ
ij)(e)X˙i ∧ X̂j + dT(X
r
j (Λ
ij))(eT )X̂i ∧ X̂j
= cijk X˙i ∧ X̂j
(dT(f) is zero on the zero section). It follows that δ = dTλ.
Let (G,m,Λ) be a Poisson-Lie group and let (g, [, ], p) be its Lie bialgebra. Let us suppose
that p is a coboundary (e. g. G is semisimple), i. e., that
p(X) = [X, r] = rij([X,Xi] ∧Xj +Xi ∧ [X,Xj ])
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for some r = rijXi ∧Xj ∈ g ∧ g. It is known [Dr] that in this case the Poisson structure Λ
on G can be written in the form
Λ = rl − rr,
where rl and rr are the left- and right-invariant 2-vector fields corresponding to r. Since Λ
is a Poisson structure, r must satisfy the generalized classical Yang-Baxter equation
adX [r, r] = 0
for every X ∈ g. The bracket [r, r] is the algebraic Schouten bracket. An element of g ∧ g
which satisfies this equation is called a generalized r-matrix and the corresponding Poisson
structure Λ is called quasitriangular.
Theorem 8.2. Let Λ = rl − rr be a quasitriangular Poisson-Lie structure on a Lie group
G with the r-matrix r = rijXi ∧Xj, r
ij = −rji. Then dTΛ is a quasitriangular Poisson-Lie
structure on TG with the r-matrix dTr = 2r
ijX˙i ∧ X̂j.
Proof. Since Λ = rij(X li ∧X
l
j −X
r
i ∧X
r
j ), we have
dTΛ = 2r
ij((X li)
c ∧ (X lj)
v − (Xri )
c ∧ (Xrj )
v)
= 2rij((X˙i)
l ∧ (X̂j)
l − (X˙i)
r ∧ (X̂j)
r) = (dTr)
l − (dTr)
r
and it is easy to check that dTr is really an r-matrix.
9. Tangent lifts of generalized foliations.
Symplectic foliations of Poisson manifolds are important examples of generalized folia-
tions. In this section we define the tangent lift of a generalized foliation and discuss its
basic properties.
Definition. A generalized distribution on a manifold M is a subset S ⊂ TM such that
S(x) = S ∩ TxM is a linear subspace for each point x ∈ M . S is said to be smooth if it is
generated by the family
X (S) = {X ∈ Φ1(τM ): ∀x ∈M X(x) ∈ S(x)}
of smooth vector fields, i. e., S(x) is spanned by {X(x):X ∈ X (S)}.
A smooth distribution is completely integrable if for every point x ∈ M there exists an
integral submanifold of S, everywhere of maximal dimension, which contains x.
The maximal integral submanifolds of a completely integrable distribution S form a par-
tition of M , called the generalized foliation of M defined by S.
Let us notice that for a completely integrable distribution S the family X (S) is a Lie
subalgebra of the Lie algebra of vector fields on M . The following theorem is due to
H. Sussmann [Sus].
Theorem. (Sussmann) Let S be a smooth distribution on M and let D ⊂ X (S) be a family
of vector fields such that D spans S. The following properties are equivalent
(1) S is completely integrable,
(2) S is invariant with respect to flows exp(tX) of vector fields X ∈ D,
(3) flows of vector fields from X (S) preserve S.
Theorem 9.1. Let S be a completely integrable generalized distribution. Then the distri-
bution ST generated by the family {Xv, Xc:X ∈ X (S)} of vector fields on TM is completely
integrable
Proof. We have exp(tXv)(v) = v + tX(τMv) and exp(tX
c) = T exp(tX). Due to the
formulae
(exp(tXv))∗Y
v = Y v, (exp(tXv))∗Y
c = Y c + t[X,Y ]v
and
(exp(tXc))∗Y
v = ((exp(tX))∗Y )
v, (exp(tXc))∗Y
c = ((exp(tX))∗Y )
c,
it follows that ST is invariant with respect to flows of Xc and Xv. From the theorem of
Sussmann, ST is integrable.
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Definition. The tangent foliation FT of a generalized foliation F defined by S is the
foliation defined by ST.
Example.
Let us consider the distribution S on R, generated by vector fields vanishing at 0 ∈ R.
The corresponding foliation is the following one:
F = {{0},R+,R−}, where R± = {x ∈ R:±x > 0}.
We identify TR with R2 (with coordinates (x, y)) and we get that vertical and complete
lifts of vector fields from X (S) are of the form
f(x)
∂
∂y
and
f(x)
∂
∂x
+ f ′(x)y
∂
∂y
,
where f ∈ C∞(R) vanishes at 0.
These vector fields generate the distribution ST with ST(x, y) = span (
∂
∂x
,
∂
∂y
) if x 6= 0,
ST(0, y) = span (
∂
∂y
) if y 6= 0, and ST(0, 0) = {0}. Hence, the corresponding tangent folia-
tion FT consists of two half-plains P± = {(x, y):±x > 0}, two half-lines L± = {(0, y):±y >
0} and the point (0, 0) as a 0-dimensional leaf.
Proposition 9.2. If a 1-form µ annihilates a completely integrable distribution S then
vT(µ) and dT(µ) annihilate S
T.
Proof. Let X ∈ X (S). We have from Proposition 2.6 that
〈vT(µ), X
v〉 = 0, 〈dT(µ), X
c〉 = dT〈µ,X〉 = 0
and
〈vT(µ), X
c〉 = 〈dT(µ), X
v〉 = vT(〈µ,X〉) = 0.
Proposition 9.3. If a submanifold N ⊂ M is a union of leaves of the foliation F (N is
F-foliated) then TNM = τ
−1
M (N) is F
T-foliated.
Proof. It is enough to prove Proposition in the case of N being a single leaf. Let F be a leaf
of FT. Since TτM (X
v) = 0 and TτM (X
c) = X for any vector field X on M , the tangent
projection τM (F ) of F is contained in a leaf of F . It follows that TNM is F
T-foliated.
Proposition 9.4. If F is a leaf of F then TF is a leaf of FT.
Proof. It is obvious that TF ⊂ ST where S is the generalized distribution related to F . We
have to show that TF is maximal. Since F is maximal, TxF = S(x) and S(F ) is spanned
by vector fields tangent to F . On the other hand it is easy to see that if X is a vector
field on M , tangent to F on F , then dTX and vTX are tangent to TF on TF . Since S
T
is generated by the family {Xv, Xc:X ∈ X (S)}, ST(TF ) = TTF , i. e., TF is an integral
submanifold of ST which is clearly maximal.
10. Symplectic foliations of Poisson manifolds.
Let (M,Λ) be a Poisson manifold. The characteristic distribution S of Λ is generated
by hamiltonian vector fields. It is well known that S is completely integrable and that Λ
defines symplectic structures on leaves of S.
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Proposition 10.1. ST is the characteristic distribution of dTΛ.
Proof. Since the vertical and tangent lifts of 1-forms on M generate the module of 1-forms
on TM , it is enough to notice that (2.9) implies
〈vT(µ), dTΛ〉 = (iµΛ)
v and 〈dTµ, dTΛ〉 = (iµΛ)
c
and that, consequently, the characteristic distribution of dTΛ is generated by the complete
and vertical lifts of hamiltonian vector fields on (M,Λ), i. e., of vector field from X (S).
The following theorem by Weinstein [We] describes the local structure of a Poisson man-
ifold.
Theorem. (Weinstein) Let (M,Λ) be a Poisson manifold of rank 2k at x0 ∈ M . Then
there is an open neighbourhood U of x0 such that (U, λ|U ) is isomorphic to a product (N ×
V,ΛN ×ΛV ) of Poisson manifolds where (N,ΛN ) is a symplectic manifold of dimension 2k
and the rank of (V,ΛV ) is zero at z0, x0 = (y0, z0).
The theorem of Weinstein shows that while analyzing only local properties of Poisson
manifolds it is enough to consider two cases:
(1) Λ is regular,
(2) Λ vanishes at a point.
Theorem 10.2. Let (M,Λ) be a Poisson manifold.
(1) If Λ is a regular Poisson structure of rank 2k then dTΛ is regular of rank 4k.
(2) If Λ is of rank 0 at x0 ∈M then Tx0M is a Poisson submanifold of (TM, dTΛ) and
dTΛ defines on Tx0M a linear Poisson structure (Kostant-Kirillov-Souriau struc-
ture). It induces then a Lie algebra structure on T∗x0M .
Proof.
(1) It follows from the theorem of Weinstein that we can choose local coordinates onM
such that
Λ =
r∑
j,i=1
Λij
∂
∂xi
∧
∂
∂xj
, Λij = −Λji, det(Λij) 6= 0,
where Λij are constant. Hence, in the adopted coordinate system,
dTΛ = 2
r∑
j,i=1
Λij
∂
∂x˙i
∧
∂
∂xj
.
(2) We have locally
Λ(x) =
∑
j,i
Λij(x)
∂
∂xi
∧
∂
∂xj
, Λij = −Λji, Λij(x0) = 0
and
dTΛ(x0, x˙) =
∑
j,i,k
∂Λij
∂xk
(x0)x˙
k ∂
∂x˙i
∧
∂
∂x˙j
.
Hence Tx0M is a Poisson submanifold with the Poisson bracket
{x˙i, x˙j} = 2
∑
k
∂Λij
∂xk
(x0)x˙
k.
TANGENT LIFTS 29
Corollary. If Λ is of rank 0 at x0 then the Poisson structure dTΛ on Tx0 is given by the
formula
dTΛ(v) = vT(£evΛ)(v), v ∈ Tx0M,
where v˜ ∈ Φ1(τM ) is such that v˜(x0) = v.
Proof. Since Λ(x0) = 0 it follows that dTΛ(v) is vertical and, consequently,
vT(v˜
∗dTΛ)(v) = dTΛ(v)
(see Section 3). It follows from Theorem 3.2 that
dTΛ(v) = vT(£evΛ)(v).
The following two propositions complete our discussion on the structure of the tangent
Poisson manifold.
Proposition 10.3. Let f be a local Casimir of Λ, i. e., Λ(df, ·) = 0. Then vT(f) and
dT(f) are local Casimirs of dTΛ.
Moreover, if Λ is regular at x ∈ M with symplectic leaves determined by Casimirs
(f1, . . . , fn), then Λ is regular at v ∈ TxM with symplectic leaves determined by Casimirs
(τ∗M (f1), . . . , τ
∗
M (fn), dTf1, . . . , dTfn).
Proof. It follows from (2.9) that if f generates a zero-hamiltonian field then also τ∗Mf and
dTf generate the zero-hamiltonian field on TM , i. e., they are Casimirs.
Let x ∈M be a regular point of Λ with the symplectic foliation in the neighbourhood of x
defined by Casimirs (f1, . . . , fn). We may assume that df1, . . . , dfn are linearly independent
at x. It follows that (dτ∗M (f1), . . . , dτ
∗
M (fn), ddTf1, . . . , ddTfn) are linearly independent at
v ∈ TxM . Since the rank of dTΛ is 2(dimM − n) (Theorem 10.2) the theorem follows.
If (G,Λ) is a Poisson-Lie group then Λ(e) = 0 and identifying g with TeG we get a
Poisson structure on g induced by dTΛ.
Proposition 10.4. The Poisson structure on g induced by dTΛ is equal to the Poisson
structure defined by the cobracket of the tangent Poisson-Lie algebra.
Proof. Let (xi) be a coordinate system on G centered at e, i. .e, xi(e) = 0. It defines a
basis (Xi) of the Lie algebra g, Xi =
∂
∂xi
(e). There are functions aki on G such that
∂
∂xi
−Xri = a
k
iX
r
i ,
where aki (0) = 0. We have then
Λ = Λij
∂
∂xi
∧
∂
∂xj
= λijXri ∧X
r
j
and
Λij(0) = λij(0).
The induced cobracket λ is given by
λ(Xk) =
∂λij
∂xk
(0)Xi ∧Xj .
On the other hand,
dT|TeG =
∂Λij
∂xk
(0)
∂
∂xi
∧
∂
∂xj
=
∂Λij
∂xk
(0)Xi ∧Xj .
It follows that
λij = Λij + Λilajl − Λ
jlail +
1
2
(aika
j
l − a
j
ka
i
l)Λ
kl.
Hence
∂λij
∂xk
(0) =
∂Λij
∂xk
(0).
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11. Examples.
Example 1
On su(2)∗ ≃ R3 consider the linear Poisson structure
Λ = z
∂
∂x
∧
∂
∂y
+ x
∂
∂y
∧
∂
∂z
+ y
∂
∂z
∧
∂
∂x
.
The symplectic foliation of R3 is the union of 2-dimensional spheres x2 + y2 + z2 = r > 0
and the origin (0, 0, 0) as a 0-dimensional leaf. It is regular outside the origin and is defined
by the Casimir f(x, y, z) = x2 + y2 + z2.
The tangent Poisson structure is given by the formula
dTΛ = z(
∂
∂x˙
∧
∂
∂y
+
∂
∂x
∧
∂
∂y˙
) + x(
∂
∂y˙
∧
∂
∂z
+
∂
∂y
∧
∂
∂z˙
) + y(
∂
∂z˙
∧
∂
∂x
+
∂
∂z
∧
∂
∂x˙
)
+ z˙
∂
∂x˙
∧
∂
∂y˙
+ x˙
∂
∂y˙
∧
∂
∂z˙
+ y˙
∂
∂z˙
∧
∂
∂x˙
.
The symplectic foliation of TR3 is regular outside T0R
3 and it is determined by two Casimirs
f0(x, y, z, x˙, y˙, z˙) = x
2 + y2 + z2, f1(x, y, z, x˙, y˙, z˙) = xx˙+ yy˙ + zz˙.
The tangent space T0R
3 ≃ R3 has a linear Poisson structure
z˙
∂
∂x˙
∧
∂
∂y˙
+ x˙
∂
∂y˙
∧
∂
∂z˙
+ y˙
∂
∂z˙
∧
∂
∂x˙
.
which is equal to Λ.
Example 2
In this example M = R4 and Λ is the following quadratic Poisson structure:
Λ = x1x3
∂
∂x3
∧
∂
∂x2
+ x1x4
∂
∂x4
∧
∂
∂x2
+ x2x3
∂
∂x1
∧
∂
∂x3
+ x2x4
∂
∂x1
∧
∂
∂x4
+ (x23 + x
2
4)
∂
∂x2
∧
∂
∂x1
.
This structure is degenerated at points of the linear subspace x3 = x4 = 0 and regular
outside it. The symplectic foliation is the intersection of the ,,book” foliation generated by
vector fields x3
∂
∂x3
+ x4
∂
∂x4
,
∂
∂x1
and
∂
∂x2
, consisting of 3-dimensional half-spaces sewed
up along the 2-dimensional edge x3 = x4 = 0 of 0-dimensional leaves, and the spherical
foliation.
The unit sphere S3 = {x:
∑
x2i = 1} we identify with the SU(2) group by
(x1, x2, x3, x4) 7−→
(
x1 + ix2 −x3 + ix4
x3 + ix4 x1 − ix2
)
.
With this identification, the tensor Λ restricted to S3 defines a Poisson-Lie structure on
SU(2). This structure is quasitriangular with the generalized r-matrix
r =
∂
∂x3
∧
∂
∂x4
∈ su(2) ∧ su(2).
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Here we used identifications
su(2) = TeSU(2) ≃ T(1,0,0,0)S
3,
so in the matrix form,
r = X ∧ Y with X =
(
0 −1
1 0
)
, Y =
(
0 i
i 0
)
∈ su(2).
It is worthy noticing that this Poisson-Lie structure is related to the quantum SU(2) group
of Woronowicz (cf. [Gr]).
Singular points on S3 form a 1-dimensional circle x21 + x
2
2 = 1, x3 = x4 = 0 which
corresponds to the Cartan subgroup (maximal torus) of SU(2). At a singular point x =
(cosϕ, sinϕ, 0, 0), the tangent space TxS
3 carries a linear Poisson structure induced by dTΛ
dTΛ|TxS3 = cos(ϕ)(x˙4
∂
∂x˙4
∧
∂
∂x˙2
+ x˙3
∂
∂x˙1
∧
∂
∂x˙2
) + sin(ϕ)(x˙3
∂
∂x˙1
∧
∂
∂x˙3
+ x˙4
∂
∂x˙1
∧
∂
∂x˙4
)
associated with the Lie bracket
{x˙1, x˙3} = sin(ϕ)x˙3,
{x˙1, x˙4} = sin(ϕ)x˙4,
{x˙2, x˙3} = − cos(ϕ)x˙3,
{x˙2, x˙4} = − cosϕ)x˙3.
In particular, on TeSU(2) = T(1,0,0,0)S
3 we have
x˙4
∂
∂x˙4
∧
∂
∂x˙2
+ x˙3
∂
∂x˙3
∧
∂
∂x˙2
.
It follows that the cobracket λ of the tangent bialgebra of the Poisson-Lie group SU(2)
is given by
λ(
∂
∂x˙4
) =
∂
∂x˙4
∧
∂
∂x˙2
, λ(
∂
∂x˙3
) =
∂
∂x˙3
∧
∂
∂x˙2
, λ(
∂
∂x˙2
) = 0
and the associated Lie bracket on su(2)∗ is given by
{x˙4, x˙2} = x˙4, {x˙3, x˙2} = x˙3, {x˙4, x˙3} = 0.
We recognize this structure as the structure of the Lie algebra sb(2,C) of 2× 2 traceless,
upper triangular complex matrices with real diagonal elements.
The introduced Poisson-Lie structure on SU(2) defines then the group SB(2,C) as the
dual group. It is not difficult to verify that the corresponding double group can be identified
with SL(2,C) with SU(2) and SB(2,C) canonically embedded as subgroups.
12. Conclusions.
In this paper we introduced lifts of multivector fields and related objects (like generalized
foliations) from a manifold M to its tangent bundle. These operations can be considered
as an extention of the tangent functor to these objects and corresponding structures. We
called them tangent lifts.
Among new results are those stating that the tangent lift operator dT on multivector
fields commutes with the Schouten bracket (Theorem 2.4), that the symplectic foliation of
the tangent Poisson structure is the tangent foliation of the given Poisson structure (Propo-
sition 10.1), and that the tangent lift of a Poisson-Lie structure is a Poisson-Lie structure
(Theorem 7.1), etc. We proved also theorems describing Poisson structures by conditions
for morphisms of the tangent and cotangent bundles (Theorem 4.4 and Theorem 4.5).
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Some of results refer to already known facts, but the used methods give us new point
of view, show better relations between different objects and provide deeper understandig
of some well-known structures and facts as special cases of more general situations (cf.
Theorem 5.1 and Theorem 10.2).
We are convinced that these results show the importance of the concept of tangent struc-
tures in general and of the derivation dT in particular. The next step should be the analysis
of multitangent constructions, important for classical field theory (multiphase approach)
and classical mechanics, of extended objects. As we have seen, the conditions discussed in
Section 4 are, in fact, compatibility conditions of tangent and canonical structures. This
idea can be applied in more general situations like in nonrelativistic, time dependent me-
chanics, where the structure needed is more general than Poisson or symplectic one ([Ur]).
Results of further studies on tangent lifts together with applications to analytical mechanics
will be given in a separate publication.
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